
where on the right-hand side we have introduced the SFS
tensors associated to each flux, as defined above.
As in the nonrelativistic case, we propose to model the

filtered SFS terms appearing in Eqs. (41)–(44) by means of
a compact application of the gradient model. First of all, we
define the double gradient operator H, acting on any given
field X, as

HX ¼ HðXÞ ≔ ∇ dX
dC̄b ·∇C̄b; ð45Þ

which satisfies a sort of generalized Leibniz’s rule,

HðXYÞ ¼ XHðYÞ þ YHðXÞ þ 2∇X ·∇Y: ð46Þ

Notice that, when acting on any conserved field, it vanishes
by its definition (i.e., HD ¼ Hi

S ¼ HU ¼ Hi
B ¼ 0). On the

other hand, when the operator applies to a nonconserved
variable, the quantity is nonzero. This holds in particular for
fp̃; Θ̃; ṽkg as we shall see below.
By applying these rules and using Eq. (26), the

SGS gradient tensors approximating the SFS terms of
Eqs. (41)–(44) read

τkN ¼ −ξHk
N; τkiT ¼ −ξHki

T

τkS ¼ 0; τkiM ¼ −ξHki
M; ð47Þ

where the set of the H tensors, after some algebraic
manipulations, can be written as2

Hk
N ¼ 2∇D̄ · ∇ṽk þ D̄Hk

v; ð48Þ

Hki
T ¼ 2½∇Ẽ · ∇ðṽiṽkÞ þ ẼðṽðiHkÞ

v þ∇ṽi ·∇ṽkÞ�
þ ṽiṽkHE − 2½∇B̄i ·∇B̄k þ∇Ẽi · ∇Ẽk þ ẼðiHkÞ

E �
þ δki½Hp þ∇B̄j ·∇B̄j þ∇Ẽj · ∇Ẽj þ ẼjH

j
E�;

ð49Þ

Hki
M ¼ 4∇B̄½i · ∇ṽk� þ 2B̄½iHk�

v ; ð50Þ

where Hi
E is just the Hodge dual of Hij

M, i.e.,
Hi

E ¼ 1
2
ϵijkH

jk
M. Notice the values of the double gradient

appearing above, fHp;HΘ; Hk
v;Hk

E;HEg, are meant to
approximate the SFS residuals related to the nonconserved
fields, fτ̄p; τ̄Θ; τ̄kv; τ̄kE; τ̄Eg, defined according to Eq. (21) as
τ̄X ⋍ −ξHX (exactly like for the conserved field SFS
residuals). Their explicit expressions are obtained by
computing the following set of equations in the order in
which they appear, where the quantities Ψ̃ denote the
auxiliary fields which are used to simplify the presentation
(and also to facilitate their implementation):

Ψ̃k
v ¼

2

Θ̃

�
∇ðṽ · B̄Þ · ∇B̄k −∇Θ̃ ·∇ṽk þ B̄k

Ẽ
½Θ̃∇B̄j ·∇ṽj þ B̄j∇B̄j ·∇ðṽ · B̄Þ − B̄j∇ṽj ·∇Θ̃�

�
;

Ψ̃ki
M ¼ 4

Θ̃
½Θ̃∇B̄½i ·∇ṽk� þ B̄½i∇B̄k� · ∇ðṽ · B̄Þ − B̄½i∇ṽk� ·∇Θ̃�;

Ψ̃Θ ¼ Θ̃
Θ̃ − Ẽ2

f∇B̄j ·∇B̄j −∇Ẽj ·∇Ẽj − B̄½iṽk�Ψ̃ki
Mg;

Ψ̃A ¼ W̃2

�
p̃
dp̃
dϵ̃

þ ρ̃2
dp̃
dρ̃

�
;

Hp

Θ̃ − Ẽ2
¼ ẼW̃2

ðρ̃ Ẽ −Ψ̃AÞðΘ̃ − Ẽ2ÞW̃2 þ Ψ̃AΘ̃

�
ρ̃

�
∇ dp̃
dρ̃

·∇ρ̃þ∇ dp̃
dϵ̃

· ∇ϵ̃
�
− 2

dp̃
dϵ̃

∇ρ̃ · ∇ϵ̃

−
�
Ẽ
dp̃
dϵ̃

− Ψ̃A

��
W̃2

4
∇W̃−2 ·∇W̃−2 þ∇W̃−2 · ∇ðln ρ̃Þ

�
−

2

W̃2

dp̃
dϵ̃

½∇B̄j · ∇B̄j þ∇W̃2 ·∇h̃�

−
�
Ẽ
dp̃
dϵ̃

þ Ψ̃A

�
½ṽkΨ̃k

v þ∇ṽj · ∇ṽj þ W̃2∇W̃−2 · ∇W̃−2� þ 1

Ẽ

��
Ẽ
dp̃
dϵ̃

þ Ψ̃A

�
ðΘ̃ − Ẽ2Þ − Ψ̃AΘ̃

W̃2

�
Ψ̃Θ

Θ̃

�
; ð51Þ

2We use a mixed notation for scalar products when it comes about the gradients, i.e., ∇X ·∇Y instead of ∇iX∇iY, in order to make
well visible the gradient terms, which are the core of the SGS model and always appear contracted to each other.
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